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ABSTRACT
Productivity change is generally measured in index form as ratio of output quan-
tity index over input quantity index. Several statistical agencies publish quarterly
as well as annual productivity indices, constructed from what appear to be basically
the same sources. This raises the question whether, apart from measurement errors,
consistency between quarterly and annual indices can be expected. This article ex-
plores, from a theoretical perspective, the options for obtaining consistency between

annual and quarterly (or more general: between period and sub-period) measures of

productivity change.

Productivity change is generally mea-
sured in index form as the ratio of an out-
put quantity index over an input quan-
tity index. The presentation is usually
in the form of a percentage change (aka
growth rate). Specific measures material-
ize by selecting the output concept to be
used (such as gross output or value added)
and the number of inputs to be considered
(resulting in single, multiple, or total factor
productivity indices) (OECD, 2001; Balk,
2018).

The frequency with which such indices
are compiled varies. The 2018 edition
of the OECD Compendium of Productiv-
ity Indicators lists annual data for 44 coun-
tries. However, a number of official statisti-

cal agencies, as well as some international

organisations, publish also quarterly data
(Haine and Kanutin, 2008). A well-known
example is the US Bureau of Labor Statis-
tics where such data have been published
since 1967 (Eldridge, Manser, and Otto,
2008). In most cases it appears that annual
and quarterly data are constructed inde-
pendently from basically the same source
materials. This raises the issue of consis-
tency between annual and sub-annual in-
dex numbers. However, even when annual
and quarterly index numbers are by con-
struction not independent, there are issues
for concern.

An interesting example is provided by
the quarterly labour productivity series
published by the UK Office for National

Statistics. The basic building block ap-

1 The author is Professor Emeritus at the Rotterdam School of Management at Erasmus University. He thanks
four anonymous referees for useful comments. Email: bbalk@rsm.nl.
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pears to be a quarter-of-current-year-
relative-to-previous-quarter  productivity
index, and quarterly productivity change
is this index turned into a percentage.
The productivity index for a quarter of
the current year relative to some reference
year (which is currently 2016) is obtained
by chaining the quarter-of-current-year-
relative-to-previous-quarter  productivity
indices (and normalizing to get 2016=100).
The productivity index for the current year
is then defined as the unweighted arith-
metic mean of the productivity indices for
its four quarters, after seasonal adjustment
of the time series. Annual productivity
change is obtained by dividing the pro-
ductivity index for the current year by the
same index for the previous year, and turn-
ing this ratio into a percentage.

Though in this setup quarterly produc-
tivity change has a definite meaning, the
situation is less clear for the concept of
annual change. In any case, the func-
tional forms of the annual and quarterly
productivity indices are grossly different,
and likely to coincide only in exceptional
circumstances.

Consistency as discussed in this article is
a step beyond the consistency concept that
figures in the National Accounts literature.
There one is concerned with the require-
ment that annual (real) GDP must be equal
to the sum of quarterly (real) GDP, and an-
nual hours worked must be equal to quar-
terly hours worked, the realisation of which
usually invokes some smoothing algorithm.
However, as will be shown in more detail
in this article, this kind of consistency does
not necessarily imply that annual produc-
tivity (change) is equal to a simple mean of

quarterly productivity (change). The situ-

ation is much more complex.

We are touching here a sort of “open
nerve”.  Though users of productivity
statistics are well aware of the fact that,
due to the complexity of all the survey and
compilation processes, one can hardly ex-
pect that an independently compiled an-
nual measure of productivity change is
equal to a simple or less simple mean of
sub-annual measures, the question of what
conceptually is at stake here seems to have
been avoided. Though Diewert (2008), in
his retrospective survey of the two OECD
workshops held in 2005-2006, lists the lack
of consistency between quarterly estimates
of productivity growth and annual esti-
mates as one of the 12 measurement prob-
lems where further research is required, as
yet no one has taken up this challenge.

This article explores, from a theoreti-
cal perspective, the options for obtaining
consistency between annual and quarterly
(or more general: between period and sub-
period) measures of productivity change.
It is thereby assumed that all the neces-
sary data are given, without statistical er-
ror. We are thus not talking about ap-
proximation errors. The article is neces-
sarily a bit more technical than most arti-
cles in this journal. This is a simple conse-
quence of the fact that the use of conven-
tional language tends to obscure important
conceptual differences. As the UK example
demonstrates, the same term “productivity
change” is used for quarterly and annual
measures which are functionally completely
different.

The article unfolds as follows. The first
section considers the simple case of a single-
input single-output production unit. In

this case one can talk about productivity
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(level) as output quantity divided by input
quantity. Annual output or input quantity
is the simple sum of sub-annual quantities.
Annual productivity then appears to be a
weighted mean of sub-annual productivi-
ties. Annual productivity change is simply
defined as the ratio of two annual produc-
tivities. For the definition of sub-annual
productivity change there are several op-
tions: 1) compare adjacent sub-periods; 2)
compare corresponding sub-periods of ad-
jacent years; 3) compare a sub-period to an
earlier year. It will appear that, whatever
choice is being made, the relation between
annual and sub-annual indices is anything
but simple.

this

multiple-input multiple-output situation,

Section two generalizes to a
where input and output prices are fixed.
Section three considers the general case.
The question is, if it be assumed that price,
quantity, and productivity indices satisfy
some very fundamental axioms, will it then
be possible to obtain consistency between
The an-

swer appears to be negative. Section four

annual and sub-annual indices?

considers the use of sub-period productiv-
ity indices as approximations to or fore-
casts of period indices. Section five con-

cludes.
A Simple Case

Let us for a start consider a single-input
single-output production unit through two
adjacent periods, called 0 and 1 respec-
tively, of equal length. Each period consists
of @ sub-periods, also of equal length. The
quantity of output produced during sub-
period ¢ of period t will be denoted by y%?
(t=0,1;9g =1,...,Q). Likewise, the quan-

tity of input used during sub-period q of pe-
riod ¢t will be denoted by z' (t = 0,1;q =
1,...,@Q). All these quantities are assumed
to be strictly positive.

The quantity of output produced during
the entire period t is evidently measured as

the sum of the sub-period quantities,

Sy (t=01). (1)

yt

=
—_

Likewise, the quantity of input used during

the entire period t is evidently measured by

l’t

Q
thq (t=0,1). (2)

These two relations are basic for what fol-

lows.
Productivity

In the case of a single-input single-
output unit one can unambiguously talk
about productivity as the quantity of out-
put per unit of input. Hence, the produc-
tivity in sub-period ¢ of period ¢ is mea-

sured by

PROD(tq) = y'1 /2"

(t=0,1;g=1,...

and the productivity in the entire period ¢
by

PROD(t) =y'/2* (t=0,1). (4)

It is straightforward to check, using ex-
pressions (1) and (3), that the produc-
tivity of any period can be expressed as

a weighted arithmetic average of its sub-
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period productivities,

Q
PROD(t) =Y (a"/2")PROD(tq), (5)

q=1

the weights being input quantity shares.
Alternatively, by expressions (2) and (3)
the productivity of any period can be ex-
pressed as a weighted harmonic average of

its sub-period productivities,

PROD(t) =

Q -1
(Z(ytq/yt)(PROD(tQ))_l) , (6)

q=1

the weights now being output quantity
shares.

It is tempting to ask whether PROD(t)
can also be expressed as a geometric mean
of the sub-period productivities PROD(tq)
(g = 1,..,Q).
be negative. Employing the logarithmic

mean2

The answer appears to

one obtains

Q tq ot
LM (2", /)
W PROD(t) = > =yt iy

«In PROD(tq), (7)

q=1

or
Q 12
PROD(t) = [[ PROD(tq)*",  (8)
q=1
where ¢ = LM (2, y") /LM (2',y") (¢ =
1,...,Q). Put otherwise, the tempo-

ral aggregate productivity PROD(t) is a
weighted product of the sub-period produc-
tivities PROD(tq) (¢ =1, ...,Q), where the

2 For any two strictly positive real numbers a and b their logarithmic mean is defined by LM/(a,b)
(a —b)/In(a/b) when a # b, and LM(a,a) = a. It has the following properties: (1) min(a,b) < LM(a,b)
max(a, b); (2) LM(a,bd) is continuous; (3) LM (Xa,\b) = ALM(a,b) (A > 0); (4) LM(a,b) = LM(b,a); (

weights are symmetric in input and out-
put quantities. Note however that, due
to the concavity of the function LM(a,1),
the sum of these weights is less than or
equal to 1, though the difference is usually
small. Thus expression (8) is not a geomet-

ric mean.
Productivity change

Productivity change between two (sub-)
periods, as measured in ratio form, is natu-
rally defined as the ratio of the productivi-
ties of the two (sub-) periods considered. In
this way the productivity change between

periods 0 and 1 is measured by

PROD(1)  y'/x!

IPROD(1,0) = = . (9
(1,0) PROD(0)  y9/x0 (9)

When considering sub-periods, there are a
In line with the

previous definition one could consider the

number of possibilities.

productivity change between two adjacent

sub-periods ¢ — 1 and ¢ of period t; that is,

PROD(tq)
PROD(tq —1)
y' /'
yt q—l/mt q—1

(t=0,1:g=1,..,Q).
(10)

IPROD(tq,tq—1) =

where we will use the convention that sub-
period 0 of period t is the same as sub-
period @) of period t — 1.

A second possibility is to compare the

SN

(ab)'/2 < LM(a,b) < (a+b)/2; (6) LM(a,1) is concave. See Balk (2008, 134-136) for details.
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productivity of a certain sub-period to the
productivity of the corresponding previous

sub-period; that is,

PROD(1q)

PROD(0g)
q q

y /1: (q:]‘7"'7Q)'

(11)

IPROD(1q,0q) =

y0a /a0

A third possibility is to compare the pro-
ductivity of a certain sub-period to the pro-

ductivity of the entire previous period; that

is,
PROD(1q)
IPROD(1q,0 —_—t
( )= ]i’ROlD(O)
y 1/t
=1,.. .
(12)
These three are the most usual modes of
comparison.
Relations

The interesting question now is: which
relations exist between sub-period produc-
tivity indices, of whatever type, and period
indices?

Let us first look at the sub-period-to-
period type indices. By setting t = 1 in
expression (5) and dividing both sides by

PROD(0), we obtain

IPROD(1,0) =

Q

> (z'/2") IPROD(14,0);
q=1

(13)

that is, IPROD(1,0) can be written as
a weighted mean of IPROD(1q,0) (¢ =
1,..,Q).

input quantity shares of period 1, x'9/z1

The weights are the sub-period

(¢ =1,...,Q). What error do we make by
replacing these weights by 1/Q?
Consider the following modification of

the last expression:

Q
[PROD(1,0) = Y (1/Q)IPROD(1¢,0)
q=1

Q
+ 3 (¢'/2' — 1/Q)IPROD(1¢,0). (14)

The second factor at the right-hand side
of this expression can be conceived as the
covariance of the input quantity shares
219/2! and the sub-period productivity in-
dices IPROD(1q,0). If this covariance hap-
pens to be equal to 0, then IPROD(1,0) is
equal to the unweighted arithmetic mean
of IPROD(1¢,0) (¢ = 1,...,Q). This as-
sumption, however, is rather strong and,
moreover, concerns the comparison period
1, which is unfortunate from the viewpoint
of computation in real time.

Similarly, based on expression (6) we ob-

tain

IPROD(1,0) =

Q —1
(Z(yIQ/yI)IPRODuq,OV)

g=1

g=1

Q
= (Z(l/Q)IPROD(lq,O)_l

Q -1
+> (y'/y" — 1/Q)IPROD(1q, 0)—1> .

(15)

The second factor at the right-hand side
of this expression can be conceived as the
covariance of the output quantity shares

y'/y! and the inverse sub-period produc-
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tivity indices 1/IPROD(1q,0). If this co-
variance happens to be equal to 0, then
IPROD(1,0) is equal to the unweighted
harmonic mean of IPROD(1q,0) (¢ =
1,...,Q). This is also a strong assumption.

Finally, based on expression (8) we ob-
tain

Q

IPROD(1,0) = [[ IPROD(1¢,0)"/%

q=1
Q
H PROD(1¢)*"~1/9.

(16)

The first factor at the right-hand side is an
unweighted geometric mean. The second
factor is not necessarily equal to 1.

The relation between IPROD(1,0) and
the sub-period-to-corresponding-subperiod
indices IPROD(1¢,0q) (¢ = 1,...,Q) is less
simple. Again, from expression (5) it ap-

pears that

IPROD(1,0) =
Q 1q
'Y PROD(0q)
————— [PROD(1q,0q); (17
that is, IPROD(1,0) can be written

as a linear combination of the indices
IPROD(1¢,0q) (¢ = 1,..,Q). One
verifies immediately that the weights
#'9PROD(0q) /z' PROD(0) do not add up
to 1. Sufficient conditions for these weights
to be equal to 1/@Q) are that the sub-period
input quantity shares are invariant through
time, x'%/z" = 2%/2° (¢ = 1,...,Q), and
that all the output quantity shares of pe-
riod 0 are the same, y%/y° = 1/Q (¢ =
1,..,Q).

such conditions are difficult to justify.

From a practical point of view,

Alternatively, from expression (6), it ap-

pears that we can write

IPROD(1,0) =
-1
.y PROD
Y (0) -1
2 [PROD(14,0 .
(; ' PROD(0q) (14.0q)
(18)

Thus, IPROD(1,0) can be written as
an harmonic combination of the sub-
period IPROD(1¢q,0q) (¢ =
1,..,Q). But note that the weights
y'¥PROD(0)/y' PROD(0q) also do not add
up to 1.

indices

Finally, using expression (8), we obtain

Q 1 )(blq
IPROD(1,0) H

d)Oq . (]‘9)
This expression can be decomposed in a
number of ways. Using the period 0 view-

point, we obtain

IPROD(1,0) H IPROD(1¢,0q)%"

q=1

Q
x [[ PrROD(1
q=1

)P,

(20)

Using the period 1 viewpoint, we obtain
Q

=[] 7PROD(14.09)*"
q=1

Q
x [[ PrOD(O
q=1

IPROD(1,0)

g)?" ",

(21)
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Using the “mean” viewpoint, we obtain

IPROD(1,0) =

Q
[T 1PROD(14. 0g) 1" +¢")/?
g=1

Q
x [[ (PROD(0q) PROD(1¢))("'=#")/2
q=1

(22)

It may be clear that the right-most factors
of these three expressions are not necessar-
ily equal to 1.

The adjacent  sub-period
IPROD(tq,t ¢ — 1)(t = 0,1;q = 1,...,Q)

can be related to the

indices

sub-period-to-
corresponding-sub-period indices by chain-
ing,

IPROD(1¢,0q) =

q
[ 7PROD(1p,1 pu — 1) x

pu=1
12
[1 PROD(Ou.0p—1)(¢=1,...Q).
n=q+1
(23)

The right-hand side of expression (23) can
then be inserted into expression (17), (18),
(20), (21), or
tween the period 0 to period 1 productivity
index IPROD(1,0) and the adjacent sub-

period indices.

(22) to obtain a relation be-

But this relation does not
have a simple form.

The conclusion is that already in the ex-
tremely simple case of a single-input single-
output unit temporal aggregation of pro-
ductivity indices proves difficult. It is pos-
sible to relate sub-period and period pro-

ductivity indices to each other, but the re-

sulting expressions are not simple.

A More Realistic Case

Let us now consider a production unit
that produces M outputs and uses N in-
puts. The quantity of output m produced
during sub-period ¢ of period ¢ will be de-
S Mt =0,1;9g =
1,...,Q). Likewise, the quantity of input n

noted by y (m = 1

used during sub-period m of period ¢ will be
denoted by #!4 (n = 1,....N;t = 0,1;q =
1,...,Q). It is assumed that in each sub-
period at least one input quantity and one
output quantity is strictly positive.

The quantity of output m produced dur-
ing the entire period t is evidently mea-

sured by

LMt =0,1). (24)

Likewise, the quantity of input n used dur-
ing the entire period t is evidently mea-

sured by

Nt =0,1). (25)

When there are multiple inputs and
multiple outputs the concept of produc-
tivity (level) is no longer unambiguous.
Prices are necessary to aggregate quan-
Thus,
of fixed (strictly positive) output prices
p = (p1,--
put prices w = (wq, ...

tities. suppose we have a set
. pum) and (strictly positive) in-
,wy). The aggre-

gate output quantity produced during sub-
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period ¢ of period ¢t is then given by

p-yl =

M
Z Pyl (t=0,1,g=1,...
m=1

where vector notation is used to simplify
notation and highlight the analogies to the
One

could also say that p-y'? is the sub-period tq

expressions in the previous section.

output value expressed in constant prices.
The aggregate output quantity produced
during the entire period t is naturally given
by

M
Py = pmi,

m=1
Q
=Y pyf(t=0,1). (27)
q=1

Likewise, the aggregate input quantity used

during sub-period m of period ¢ is given by

N
w2t = g wywtd
n=1

(t=0,1;g=1,..,Q). (28)

This is the sub-period tg input value ex-
pressed in constant prices. The aggregate
input quantity used during the entire pe-

riod t is also naturally given by

N
w-at = E wyzh, =

n=1

put prices p, the productivity (level) in sub-

period m of period ¢ is measured by

PROD(tq) = p-y"/w - 2"

(t=01;g=1,..

Q) (30)

and the productivity (level) in the entire
period t by

PROD(t)=p-y'/w-2' (t=0,1). (31)

This can be expressed in terms of sub-
period productivity levels in three ways,

namely

Q
PROD(t) =Y (w-2"/w - 2')PROD(tq),

=1 (32)
PROD(t) =
0 -1
(Z(p Y /p- yt)(PROD(tQ))_l) :
q=1
(33)
and
In PROD(t) =

& LM (w - at, p - yh)

qz:; LM(w -t p-yt)

In PROD(tq).

(34)

The definitions of productivity change
between two periods, between two sub-
periods, and between a sub-period and a
period are straightforward. For instance,
productivity change between periods 0 and

1 is measured by

Q
dw-at (t=0,1). (29)
=1 PROD(1)
IPROD(1,0) = ———=
o (1,0) PROD(0)
Recall that it is assumed that all these val- p-y! Jw - 2!
o . . o = (35)
ues are given, without statistical error. p-yo/w-z0
Conditional on input prices w and out-
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It is simple to check that the following re-

lations hold:

IPROD(1,0) =
Q
Z(w -2 /w - ") IPROD(1¢,0),

g=1

(36)

which generalizes expression (13), and

IPROD(1,0) =

@ w21 PROD(0q)
w -z PROD(0)

IPROD(1q,0q),
q=1
(37)
which generalizes expression (17). Simi-
larly, generalizations of expressions (15),
(16), (18), (20), (21), and (22) can be
obtained. = Moreover, analogous to the
way it was done in the previous sec-
tion, any sub-period-to-corresponding-sub-
period productivity index IPROD(1q,0q)
can be written as a chain of adjacent sub-
period indices.

Summarizing, by using a set of fixed in-
put and output prices, any multiple-input
multiple-output situation can effectively be
reduced to a single-input single-output sit-

uation.
The System View

It is clear that the productivity index
IPROD(1,0), as defined by expression (35),

can be re-expressed as

p-y'/p-y®

IPRODQL.0) = S — 5

(38)

that is, as the ratio of an output quantity

index and an input quantity index. The

same holds for the other productivity in-
dices considered in the previous section.

These quantity indices have a specific
functional form; they are so-called Lowe in-
dices (Balk, 2008:68). An important disad-
vantage of a Lowe quantity index is that
its dual price index violates a rather fun-
damental axiom. Consider for instance
the output quantity index p - y'/p - 3°.
The dual price index is obtained by divid-
ing the quantity index into the value ratio
ptyt/p? -0, where p' (t = 0,1) denotes
the vector of period ¢ output prices. The
result is

p; : y;/p Y (30)

PPy p -y

It is clear that this price index violates
the identity axiom, which requires a price
index to deliver the outcome 1 whenever
the price vectors of the two periods com-
pared are equal, p' = p°. Such a violation
is generally considered to be undesirable.

An integrated system of price, quantity,
and productivity statistics requires func-
tional forms P,(.), P;(.), Qo(.), Qi(.), such
that

ph eyt /0’y = Pt yt 00, y0)

x Qo(p',y, 1% %) (40)

’U}l . (IJl/’U}O . LIJO — R(,w17w1,/w0’$0)

x Qi(w', 2t w® 2?), (41)

and a reasonable number of fundamental
axioms (or regularity conditions) for price
and quantity indices are satisfied (Balk,
2008 and 2018). Here p',w! (t = 0,1) de-
note the vectors of period t output and

input prices respectively. Notice that the
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functional forms used at the output side
may or may not be the same as those used
at the input side (apart from the dimension
of the price and quantity vectors involved).

Given these functional forms the produc-
tivity index for period 1 relative to period
0 is defined as

. Qo(pl,ylapovyo)
IPROD(1,0) = Qi(wl,%’l,wovxo);

(42)

that is, output quantity index divided by
input quantity index.

Consider now the sub-periods. The rela-
tion between period and sub-period quan-
tities was presented in expressions (24) and
(25). Let p'¥ and w' (t =0,1;¢=1,...,Q)
denote the vectors of sub-period output
and input prices respectively. The rela-
tion between period and sub-period prices

is, rather naturally, given by

Q
D = D Dy /vt (43)
qg=1
(m=1,..,M;t=0,1)
Q
t — t 2
Wy, = Z wnqxfi]/wzz (44)
q=1

(n=1,...N:;t=0,1),

and the relation between period and sub-

period output and input values is similarly

given by
Q
ployt= D pyti(t=0,1) (45)
q=1
Q
/wt . :L't =

> w2t (t=0,1). (46)
q=1

Thus, whereas period quantities are sim-
ple sums of sub-period quantities, and the

same holds for values, period prices are

defined as unit values (given sub-period
prices).

Corresponding to expression (42), the
productivity index for sub-period 1q rela-

tive to period 0 is then defined as
Qo(p'9, 5", 1% y°)
Q,;(U)lq, x1q7 ’U)O, xO)

(¢g=1,...,Q). (47)

IPROD(1¢,0) =

Can these sub-period indices be related
to the period index? The answer is ob-
tained by looking at the so-called profitabil-
ity ratio for period 1 relative to period 0,
where profitability is defined as the ratio of
output value over input value. On the one
hand the profitability ratio can be decom-

posed as

Pyt /0"yt Pyt %)

wl ol jwd 20 Pigwl,xl,wo,xo)
Qo(p',y",0°,9°)
Qi(wlvftlvwovxo)'

(48)

But on the other hand, by temporal disag-

gregation, one obtains

1,,1/.0.,0
py/ry
wh -zl /w0 - 20
Q 1 1 lq . ,1q /,,0 . ,,0
wq.a’;qlpq.yq/p .y
wl-zl wl . g1a /w0 . 20
g=1
—Z wlq-xqu
w! -zl
q=1

Po(p1q7 y1q7p07 yO) Qo(pqu Z/lq>p07 yo)
Pi(w1q7x1q7w07x0) Qi(w1q7x1qvw07x0) '

(49)

By combining the last two expressions,

using the definitions in expressions (42)
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and (47), one obtains

IPROD(1,0) =
Q (wlq X :L.lq

1.1
S\ w

P,(p", M. 0°.4°) [ Po(p'. y'. p°. 4°)
R(wlq, xlq7 ,LUO7 xo)/Pj(’lUl, .Tl, U)O, x())

IPROD(1g, 0)>.

(50)

This relation between period-to-period
and sub-period-to-period productivity in-
dices is not particularly simple. More im-
portantly, since the productivity index at
the left-hand side, IPROD(1,0), is based
on the same functional form(s) for the
quantity indices as the productivity in-
dices at the right-hand side, IJPROD(1¢,0),
the relation generates restrictions on those
functional forms. It turns out that these
restrictions are impossible to satisfy, ex-
cept when Q,(.) and @Q;(.) exhibit the Lowe
functional form; that is, Q,(.) = p-y'/p-y°
and Q;(.) = w-z' /w- 2" where p and w are
fixed output and input prices, respectively.
But then the dual P,(.) and F;(.) violate

the fundamental identity axiom.

Sub-period Productivity Indices
as Approximations

Given that a consistent system encom-
passing period and sub-period productiv-
ity indices is impossible, can the latter be
used as approximations or forecasts of the
former? Can, for instance, the sub-period
indices IPROD(1q,0q) for ¢ = 1,...,Q be
used as approximations or forecasts of the
period index IPROD(1,0)?

Consider
profitability ratio; that is, the left-hand

again the period-to-period

side of expression (48). Notice that this

ratio can be expressed as
(1/Qp" - y'/p° -y
(L/QuT 2l Jud - 0

Let 6% and €7 (t = 0,1;9 = 1,...,Q) be
defined by

(51)

5 = w2 —wt2t/Q  (52)

tq

€ Py —ptyt/Q;  (53)

that is, 6’7 and €'? are deviations of actual
sub-period values from average sub-period
values.

A first-order Taylor series expansion

then delivers

Pyl -y’

wle - 14 /y0 . g0
(1/Q)p" -y /1° - y°
(1/Q)w! - 1 JwO - 20

+R(EY,€9) (¢=1,..,Q),

(54)

where the remainder term R(.) tends to
zero when its arguments tend to zero.
Thus, if ' and €'? are small random fluc-
tuations around 0, then the sub-period-to-
period profitability ratios can be seen as ap-
proximations to the period-to-period prof-
itability ratio.

By decomposing both sides of expression

(54) and rearranging we obtain

IPROD(1¢,0) =
<H(w1q,w1q,w°,$°) Po(p',y' 0", 9%
Py(p'a,yt, pb,y0) Py(wh, al,w, 20)
IPROD(1,0)
Pi(w', 2w, 1)
P,(pte, yta, po, 40)
(¢g=1,..,Q).

X

R(5', ')

(53)
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The factor in front of IPROD(1,0) can be

rewritten as
Pi(wlq’ Jqu, wO’ SCO)/.P,L'("LUI, ‘,171’ wO’ ZEO)

Po(pl‘I’ quij’ yo)/PO(plv yl’pO’ yO)
(56)

The numerator is an index comparing sub-
period input prices w!'? to period input
prices w!, and the denominator is an index
comparing sub-period output prices p'? to
period output prices p'. Thus, somewhat
loosely stated, if the seasonality of input
and output prices is the same, than any
sub-period index IPROD(1¢,0) is an unbi-
ased forecaster of IPROD(1,0).

Conclusion

It appears that the goal of full con-
sistency between period and sub-period
price, quantity and productivity indices is
unattainable. Moreover, as argued in sec-
tion three, this conclusion is independent
of the specific functional forms used for the
various indices. This impossibility theorem
implies that choices must be made.

The first choice concerns what is to be
seen as the most natural accounting pe-
riod for the production unit considered. In
most, if not all, cases this will be a year.
Annual price, quantity, and productivity
comparisons can be based on indices that

satisfy the basic axioms (or regularity con-

ditions) and together form a consistent sys-
tem.

Given the need for sub-annual produc-
tivity information, the second choice con-
cerns the type of index to use. As shown,
every choice entails at best an approximate
relationship between sub-annual and an-
nual indices. The nature of this approxi-
mation should be clearly communicated to

the public.
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